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Abstract 



Let {T^}"^^ be a finite family of closed subsets of a plane M^ or a sphere S"^, each homeo- 

morphic to the two-dimensional disk. In this paper we discuss the question how the boundary 

Q . of connected components of a complement M^ \ UiLi ^« (accordingly, S^ \ lj"=i Vi) is arranged. 

It appears, if a set UILi ^^^ ^ i^ connected, that the boundary dW of every connected 

component W of the set R^ \ IJlLi ^ (accordingly, S'^ \ UILi ^«) ^^ homeomorphic to a circle. 

(^' 

^ [ Let ?7 G M^ be an open area (subset of a plane, homeomorphic to the two-dimensional disk). 

^ ' One of the classical problems of complex analysis is the question of a possibility of an extention of 

d conformal mapping defined in U out of this area. The answer to this question is tightly connected 

S with the structure of the boundary dU of U and depends on how much the closure CI U differs from 

>- ] the closed two-dimensional disk. As a rule, it is known only the local information about a structure 

'k>( ' of the set dU (accessibility of points of the boundary from area U and so on). 

Vh In works [^, [P2|| the criterion is given for a compact subset of a plane to be homeomorphic to 

the closed two-dimensional disk, which uses only local information about the boundary of this set 

(see theorem |^ below). This criterion enables to investigate the problems connected to a mutual 

disposition of closed disks on a plane. 

Let {Vj}"^^ be a finite family of closed subsets of a plane M^ or a sphere S"^, each homeomorphic 

to the two-dimensional disk. In this paper we discuss the question how the boundary of connected 

components of a complement M^ \ IJILi ^ (accordingly, S"^ \ ljr=i ^) ^^ arranged. 

It appears, if a set ljr=i -'■^^ ^ ^^ connected, that the boundary dW of every connected component 

W of the set M^ \ IJiLi ^ (accordingly, S*^ \ ljr=i ^) i^ homeomorphic to a circle (see. theorems ^ | 

below). 

Theorem 1 Let Vi, . . . ,Vn be a finite collection of the closed subsets ofM."^, each homeomorphic to 
the two-dimensional disk. Suppose the set IJiLi -'■^^ ^ ^^ connected. 



Let W be the unlimited connected component of the set R^ \ IJiLi ^• 
Then the set M."^ \W is homeomorphic to the closed two-dimensional disk. 

Theorem 2 Let Vi, . . . ,Vn be a finite collection of the closed subsets of S'^, each homeomorphic to 
the two-dimensional disk. Suppose the set ljr=i ^^^ ^* ^'^ connected and S"^ \ ljr=i ^ 7^ 0- 

Let W be a connected component of the set S"^ \ IJiLi ^- Then the set CI W is homeomorphic to 
the closed two-dimensional disk. 

The foUowing definitions and statements will be useful for us in what follows. 



Definition 1 [ZVC| Let D be an open set. The point x G dD is called accessible from D if there 



exists a continuous injective mapping ip : I ^ C\D, such that ip{l) = x and (p{[0, 1)) C Int D (this 
map is named a cut). 



Definition 2 [|ZVC|| Let ii^ be a subset of a topological space X and a G X be a point. The set E 



is called locally arcwise connected in a, if any neighbourhood f/ of a contains such neighbourhood V 
of a that any two points from V (1 E can be connected by a path in U Ci E. 

Proposition 1 |^VC|| Let D be an area with a nonempty interior in M^ or S"^. If D is locally 
arcwise connected in a point a G dD then a is accessible from D. 

Theorem 3 |pi| , P2|| Let D be a compact subset of a plane M^ with a nonempty interior. Then D 
is homeomorphic to the closed two-dimensional disk if and only if the following conditions holds: 

1) the set Int D is connected; 

2) the set M."^ \ D is connected; 

3) any point x G dD is accessible from Int D; 

4) any point x G dD is accessible from M."^ \D. 



Theorem 4 (Shonfiies) ||ZVC|| Let 7 be a simple closed curve in S"^ (respectively in M^j. There 



exists a homeomorphism f of S^ onto itself (respectively, of M^ onto itself) mapping the curve 7 onto 
the unit circle. 

Proof of theorem |1]. Let us show, that the compact set D = ]R^\H^ complies with the conditions 
of theorem ^. We will divide our argument into several steps. 



1. Since dD C ljr=i "^^ then for any x G dD we can find i G {1, . . . , ?t-} such that x G (9Vi. 
Theorem |^ states that the point x is accessible from Int V^. Hence x is accessible from Int D because 
Int Vi C Int D. 

2. Let us show, that any point a G dD is accessible from W = M?'\D. 

Without loss of generality we can assume that the origin of coordinates lies in Int D. 

We fix a G dD. The set of all points accessible from W is dense in dW = dD ||ZVC|| , therefore 
there exists a point Xq G dD accessible from W which do not coinside with a. 

All compact subsets of M", n G N, are known to be limited. Therefore there exists R > such 
that 

n 

[jViC {x gM^ I d(0,x) <R} . 

i=l 

We fix a point x' & W which meets an equality \x'\ = R. It is known (see [|ZVC|| ) that there exists 
a cut 

70 : / ^ M^ , 

7o(0) = xo, 7o(l) = x', 7o((0, 1]) C W. 
Let 

r = min{t G /| |7o(t)| = R} . 

According to the conditions of theorem r > 0. Let 7o(t) = x". Denote a polar angle of x" by (p. 
Consider continuous inject ive mapping 

71 : R+ ^ R2 , 

7o(t) when t E [0,r) , 



'^^^ ^ ^ {ip,R + t-T) when t G [r, +oo) . 

This map is an imbedding of IR+ into M^, moreover 71 (0) G dW, 71 (M+ \ {0}) C W. 

2.1. Let us show, that the open set W \ 71 (M+) is connected. 
Consider an involution 

/ : M2 \ {0} ^ r2 \ {0} , 

This map is known to be a homeomorphism. Under the action of / the area W will pass to an 
open connected set W = f{W). Mark that the origin of the coordinates is an isolated point of the 
boundary dW because 

{{r,ip)eR'^\r> R} CW, 

{{r,^)eM.^\0<r<R-^}c f{W) . 

Therefore, Wq = WU {0} appeares to be the open connected set and the map 



7:/ 



[)2 



~(f^ = S /°7i(t"'-l) when tG(0,l], 
^^ ' \ for t = . 

is a cut of the set Wq. Moreover Wo \ i{I) = /{W \ 71 (M+)). 

So, for a proof of connectivity of the set W \ 71 (M+) it is sufficient to check the vahdity of the 
following statement. 

Lemma 1 Let f/ C M^ be an open connected set, point z G dU be accessible from U , a : I ^ M."^ be 
a cut ofU with the end in z (a continuous injective mapping such that a{0) = z and a((0, 1]) C U). 
Then the set U \a{I) is connected. 

Let us prove this statement. Let y = a{t) for some t > 0. According to propositions 6.4.6 and 
6.5.1 from ||ZVQ| there exists a homeomorphism h of M^ onto M^, such that the map 

hoa = a: I ^R^ 

complies the relation 

5(t) = (t,o) gM+ X {0} cM^ tei. 

Since a([t, 1]) C U, there exists an e > such that 

Ut = {x eR'^I d{x, a{[t, 1])) <e} C h{U) . 

Obviously, Ut = h~^{Ut) is a neighbourhood of a point a(t) in U and the set Ut\a{I) is connected. 
Besides, a set {Ut-^ fl t/tj \ a{I) is not empty for any ti, ^2 ^ (0, 1]. 
Therefore 

[Ju. 

te(o,i] 
is a connected open neighbourhood of a set «(/) in U, hence [/ \ a(/) is a connected set. D 
So, the set W \7i(]R+) is connected. 
2.2. Select a point Xj G dVi, Xi ^ a for each i G {1, . . . , n}. The set 



[jlntVi 



i=l 



is connected by the condition of theorem and the point Xi is accessible from Int Vi for any i. Therefore 
we can find a continuous map 

n 

which meets the following conditions 

n 

P{{i,i + l))c[jlntViClntD, i = 1, 



i=l 



2=1 



(3{i)=Xi, i = l,...,n; (3{n + 1) = xq . 

Consider a continuous map 

7 : M+ ^ M^ 

(3{t + l) for te[0,n), 



lit) =- 

\ li(t — n) for t G [n, +00) . 

Since the relations 

7(M+) C (/5([1, n + 1]) U 7o(/) U 7i([r, +00))) , 

7i([r,+cx))) C {zeR^\diz,0) > R} , 

aedD C {zeR^\d{z,0) < R} 

hold and a compact set P{[l,n+ 1]) U7o(/) does not contain a point a; on a construction, there exists 
£0 > which complies the inequality 

d(a, z) > 5o for all -^ ^ 7(J1^+) • 

Now we are ready for proof of local linear connectivity of the area W in the point a G dW = dD. 

2.3. Let t/ be a curtain neighbourhood of the point a. Find e > which meets the conditions 

Ue{a) = {xeR^\ d(a, x) Ke} dU , Ue{a)r\ 7(M+) = . 

Fix imbeddings 

f,:S'^dV,, z = l,...,n. 

Here S*^ = { (r, y?) G M^ | r = 1 }. The metric on S"^ we shall define as follows: 

ds ((1, V^i), (1, V2)) = min \ipi-ip2 + '^Tck \ . 

kez 

Mark that maps f], i = 1, . . . ,n are uniformly continuous. 
Fix 61 > such that an inequality ds(ri, T2) < Si implies 

d(/.(ri), /,(r2))<min(£o/2, e/3) 

for any i = 1, . . . ,n and Ti, T2 E S^. 

Find also 62 > 0, such that d{zi, Z2) < 62 has as a consequence an inequality 

ds(/r'(^i), /r'(^2))<min((5i/2,7r/4) 

for every i = 1, . . . , n and any Zi, Z2 & dVi. 
Assume 6 = min (^2/2, e/3). 

2.4. Let us show, that for any Oi, 02 G Us{a)nW there exists a continuous map g : I ^> Ue{a)\^W 
such that (7(0) = ai, (?(!) = 02- 



The inequality d{zi,Z2) < 62 is fulfilled for all zi, Z2 E Us{a), hence 

d {f-\dV, n Us{a))) < min(5i/2, 7r/4) 

for every i G {1, • • • ,n} and in the case dVi fl Us{a) 7^ the circle S^ could be decomposed into 
two not intersecting intervals J/ and Jf with common endpoints in such a way that the following 
relations are fulfilled 

fr\dV,nUsia))cJl, 

diam(J') = max ds{ti,t2) < min((5i, 7r/2) . 

In the case dVi f] Us{a) = set Jf = 51, J/ = 0. 

Therefore, /,(Jf ) n Us{a) = and /.(J/) C U2e/3{a). 

Lemma 2 Let B be a closed disk satisfying the following conditions: 

dBn(\Jdvi] cUsia), 



V=l / 

{dB\Us{a))c{W\^{R^)). 

Then BndV.C f,{Jl) C f/2./3(a), ^ = 1, . . . , n. 

On the condition of lemma dB fl fi{J-') = for every i = 1, . . . ,n. Therefore, fi{Ji) C Int B or 
/i(Jf) C (M2\fi). By a construction x^ G /^(Jf) and a;^ G 7(M+) C {M.'^\B), hence /^(Jf) C {M.'^\B), 

2 = 1,... ,n. n 

Let ai, 02 G (^"5(0) n W). Since [/^(a) n 7(M+) = 0, then ai, as G ([/^(a) n (VT \ 7(M+))). From 
connectivity of the set W \ 7(M_,.) follows, that there exists an injective continuous map 

complying the equalities /i(0) = ai, /x(l) = 02 (the concepts of connectivity and hnear connectivity 
coincide for open subsets of M"). 
Find smooth imbeddings 

r]i : S'^ ^ Us{a) , 

V2:S'^{Us{a)\ClU2e/3{a)) , 

such that the points oi, as lie inside disks bounded by curves 771, 772. 

It is known that an imbedding of a segment or circle into M^ could be as much as desired precisely 
approximated by a smooth imbedding. It is known as well that any two one-dimensional smooth 
compact submanifolds of R^ could be reduced to the general position by a small perturbation fixed 
on their boundary. 

Therefore, there exists smooth imbedding 

/i : / -. W^ \ 7(M+) , ai = /i(0) , a2 = Ml) 



such that the sets fi{I) fl rii{S^) and /x(/) fl ^72 (5*^) consist of final number of points. 

For every z G fi{I) fl r]2{S^) there exist t', t" E I , t' < t", which comply with the following 
conditions 

Mt'),MOer/i(5i), 
f,{{t',t"))nvi{S') = (li. 

We receive a finite family of nonintersecting intervals 

(tj,i,tj,2) C / j = 1,... ,k 
satisfying to relations 

;u((i,-,i,t„2))nr/i(5i)=0, /i(t,-i),/i(t,-2)Gr7i(5i), j = l,... ,A;, 

/^fAU(^i,i,i^j-,2)) Cf/e(a). 

Now for each j = 1, . . . , fc we fix an arc Qj : I ^ Vii^^) with the endpoints /i(tj,i) and fi{tj^2)- A 
set 

e,(z)u/i((t,-i,t,-2)) 

is homeomorphic to a circle, therefore it bounds a closed disk 5^ such that 

dB,n [JdV^ cUsia), 
i=i J 

By lemma ^ these relations has as a consequence following inclusion 

(b^ n [jdv}j C f/2e/3(a) . 

Since r,2{S^) C (f/,(a) \ af/2,/3(a)), then 



Here {Xs}^i is a final family of nonintersecting arcs of the circle rj2{S^). In addition Xs C (W^\7(M+)), 
s = 1, . . . ,mj. 
A set 

(IntS,)\(Ux, 



represents a final union of connected components liomeomorpliic to tlie two-dimensional disk, lying 
either inside or outside the closed disk limited by a circle ri2{S^). Select that from components, which 
bounds with an arc 6^. Designate by Bj a closure of this component. Obviously, 

5, Cf/,(a), idB,\Q,iI))ciW\^iR+)). 
Let 

be an arc of a circle dBj with the endpoints /i(tj.i), ^{tj2)- As we already have shown, it complies 
with the relation 

^,(/)c(f/.(a)n(iy\7(M+))). 

A continuous curve 

^:/-(W^\7(K+)), 

g^t^^i /^W if te (/\U'=i(t„i,t,,2)) , 

1 9j{{tj,2 - tj,i)t + tj,i) if t e (tj,i, tj,2) • 

represents a continuous path in Ue{a) fl (W \ 7(M+)), connecting points ai and 02- 

Therefore, the point a is accessible from W \ 7(ffi+) and all the more it is accessible from W = 
M."^ \ D. Then each point of dD is accessible from M."^ \ D because of the arbitrary rule we selected 
the point a e dD. 

3. The set W is connected on a condition of theorem. 

4. Let us show that the set Int D is connected. The set IJiLi ^ ^^ connected since any point 
of |jr=i ^^ is accessible from a connected set UiLi ^^^ ^' therefore it is sufficient to show that the 
boundary dW does not lie in the set dD for any connected component W of the set M^ \ (Ur=i ^«)' 
different from W . ^^ ^^ 

Assume that dW C dD. The set dW divides M^, consequently it has dimension not less than 
G-W[ ). Therefore, we can find three different points 2:1, 2:2, 2:3 G dW . Each of these points 



one see 



is accessible from the connected sets W and IJiLi ^^^ ^• 
There exists a continuous injective mapping (see [ ^V(J| |) 



which satisfies the conditions 

n 

(^(0) = zi, <^(1)=2;2, <^((0,1))C Ulntl^^ 

Let z = (p{l/2). There exists a continuous injective mapping 

^ : / ^ M^ 

8 



^(0)=Z3, ^(1) = ^, ^((0,1])C UlntV,. 

Let ti = min{t G / | ip(t) G (/?(/) }. We have ti > since z^ = (^(0) ^ V'l-?^)- Denote z' = (^(ti). 
Then ^2 G (0, 1) is uniquely defined, such that z' = (p{t2). 
Consider continuous injective mappings 

ifi-.I^R", ifiit) = ip{t2il - t)) ; 

ip2:I^R^ Mt) = Vii^ - h)t + t2) ; 
ifs-.I^M.^ ifsit) = ip{ti{l - t)) . 
which comply with the relations 

n 

Vs{0)=Zs, Vs{l)=z', v^,((0,l])c UlntV,, 5 = 1,2,3; 

V9si([0, 1)) n v?,,([0, 1)) = when Si ^ Ss ■ 

Similarly, there exists a point z" G W and continuous injective mappings ipg : I ^ M^, s = 1, 2, 3, 
such that 

^,(0)=z„ M^)=z", V^,((0,1])CW^, 5 = 1,2,3; 

^,,([0, 1)) n 7/',,([0, 1)) = when si ^ S2 . 

Since 

W^ n ( U Int Vi) = , 

the equality 

((Uv^.(/))n(u^V^.(/))) = UM 

is valid. Therefore, everyone from the sets 

iPs, (/) U ^s, (/) U ^s, (/) U ^s, (/) , Si ^ S2 

is homeomorphic to a circle. 
The set 

falls into the three connected components f/i, f/2, f/3, two of which are homeomorphic to the open 
two-dimensional disk and third is not limited. 

As 

U(v9,(/)uv.(/)))nw^ = 0, 



s=\ 



then there exists j G {1, 2, 3} such that W C Uj. But it is impossible because everyone from the sets 
ClUs, s = 1, 2, 3 contains exactly two from the points zi, Z2, z^. 

So, we have proved that the set dW fl dD consists not more than from two points. Therefore, 
z e dW and e > could be found to comply the inclusion U^^z) C Int D. 

The set 

WUU,{z)u(\J Int V^ C Int D 

is connected since dW C \X=i ^^ ^"^^ ^^^ ^^^^ ^' Ue{z), ljr=i ^^^ ^ ^^^ connected. 

By virtue of arbitrariness in a choice of W, the set Int D is connected. 

Applying to D theorem ^ we conclude that this set is homeomorphic to the closed two-dimensional 
disk. ■ 

Proof of theorem |^. Let iui : P -^ S"^, i = 1, . . . , n be the inclusion maps, ini{P) = V^. 
Without loss of a generality, it is possible to assume that a North Pole sq of S"^ lies in W. 
Consider a stereographic projection 

f:S'\{so}^R'. 

As is known, this map is a homeomorphism. Since Vi C S"^ \ {so} , i = I, ■ ■ ■ ,n and the set ^"^ \ {sq} 
is open in S"^, the compositions 

I^i = f o irii : P ^ M'^ , i = 1, . . . ,n 

are continuous and are one-to-one. The set P is compact, therefore maps Irii, i = 1,... ,n are 
imbeddings. Sign Vi = fiVi) = Ini{P), i = 1, . . . ,n. 
From a mutual uniqueness of map / follows that 

n n n 

f{[j Int Vi) = [j /(Int Vi) = [j Int V • 

i=l i=l i=l 

The set ljr=i ■'■^^ ^ ^^ connected as an image of a connected set at a continuous map. 

So, family Vi, . . . ,Vn satisfies to conditions of theorem |l|. 

Consider an open set W = W \ {sq} C S"^. It is easy to see that dW = dW U {sq} and sq is an 
isolated point of the boundary of W . 

Denote W = f(W') C M?. Obviously, W is the unique unlimited connected component of a set 
M^ \ Ur=i ^- Applying theorem |l|, we conclude that a set M^ \ PF is homeomorphic to the closed 
two-dimensional disk, and it's boundary 9(M^ \ W) = dW is homeomorphic to a circle 5*^. From 
this immediately follows, that the set dW = f~^{dW) of the limit points of W is homeomorphic to 
a circle. 

From theorem ^ it immediately follows that the set dW divides S*^ into two opened connected com- 
ponents and for each of these components it's closure is homeomorphic to the closed two-dimensional 
disk. Consequently, the set CI W is homeomorphic to the closed two-dimensional disk. ■ 

10 
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